Abstract. The study of the h-vectors of graded Gorenstein algebras is an important topic in combinatorial commutative algebra, which despite the large amount of literature produced during the last several years, still presents many interesting open questions. In this note, we commence a study of those unimodal Gorenstein h-vectors that do not satisfy the Stanley-Iarrobino property. Our main results, which are characteristic free, show that such h-vectors exist: 1) In socle degree e if and only if e ≥ 6; and 2) In every codimension five or greater. The main case that remains open is that of codimension four, where no Gorenstein h-vector is known without the Stanley-Iarrobino property. We conclude by proposing the following very general conjecture: The existence of any arbitrary level h-vector is independent of the characteristic of the base field.
Introduction
The goal of this note is to continue an investigation into the structure of the h-vectors of Gorenstein artinian algebras. A large amount of work has been done over the years to study the properties of Gorenstein rings, both for the substantial interest of the topic within commutative algebra, and for the many connections that it carries with other mathematical disciplines, such as combinatorics and algebraic geometry (see, as a highly nonexhaustive list, [1, 2, 14, 23, 27, 29, 30] ). However, much is still unknown today on which integer sequences h = (1, h 1 , . . . , h e−1 , h e = 1) may arise as Gorenstein h-vectors, if the codimension r = h 1 is greater than 3.
Recall that a sequence h = (1, h 1 , . . . , h e ) is symmetric if h i = h e−i , for all indices i. We say that h is differentiable if its first difference, (1, h 1 − 1, . . . , h e − h e−1 ), is the h-vector of some graded artinian algebra (see the next section for the relevant definitions and for Macaulay's characterization of such h-vectors). Finally, h satisfies the StanleyIarrobino property, or more briefly, is an SI-sequence, if h is symmetric and its first half, (1, h 1 , . . . , h ⌊e/2⌋ ), is differentiable. Note that an SI-sequence is always unimodal, i.e., it never increases strictly after a strict decrease. For the importance of the concept of unimodality in algebra, combinatorics, and related areas, see the two classical survey articles [6, 28] .
It is well known that all Gorenstein h-vectors are symmetric. It is also known that any SI-sequence is a Gorenstein h-vector [8, 13, 18] , while the converse has been shown to hold in codimension r ≤ 3 (if r ≤ 2 the result is trivial; for r = 3, see Stanley [26] and then the second author [32] ). However, as proven by Stanley and subsequently other authors, there even exist Gorenstein h-vectors that are not unimodal, in any codimension r ≥ 5 (see, just as a sample, [3, 4, 5, 20, 21, 22] ). This fact alone leads most experts to believe that a complete characterization of the possible Gorenstein h-vectors is probably hopeless.
In this note, we investigate Gorenstein h-vectors under a different perspective, by beginning a study of those that are unimodal but do not satisfy the Stanley-Iarrobino property. This problem appears to have not yet been addressed in the literature, with the exception of a brief section in the second author's thesis [31] (not published elsewhere). Our main results, which are all characteristic free, show that there exist unimodal, non-SI Gorenstein h-vectors of socle degree e if and only if e ≥ 6; and that there exist unimodal, non-SI Gorenstein h-vectors in every codimension r ≥ 5. The main case that remains open is that of codimension r = 4, where all Gorenstein h-vectors currently known are SI-sequences.
We wrap up our paper by conjecturing an intriguing and general fact on arbitrary level h-vectors: Namely, their existence is independent of the characteristic of the base field.
Notation and preliminary facts
We now recall a few standard definitions and preliminary facts. Let R = k[x 1 , . . . , x r ], where k is any infinite field, and let m = (x 1 , . . . , x r ) be its maximal homogeneous ideal. We consider standard graded artinian k-algebras A = R/I = i≥0 [A] i where I is a homogeneous ideal of R. Since we may assume, without loss of generality, that I does not contain nonzero forms of degree 1, r is the codimension of A.
Notice that the Hilbert function of an artinian k-algebra has finite support and is captured in its h-vector h = (1, h 1 , . . . , h e ), where e is the last index such that h e = h A (e) > 0. The integer e is referred to as the socle degree of A.
The socle of A is the annihilator of m = (x 1 , . . . , x r ) ⊂ A; that is, soc(A) = {a ∈ A | am = 0}. We say that A is level of type t if the socle of A is a t-dimensional k-vector space and is all concentrated in degree e. Finally, A is Gorenstein if A is level of type 1.
The following classical result of Macaulay characterizes the integer sequences that arise as h-vectors of standard graded artinian algebras. For n and i positive integers, define the i-binomial expansion of n as
where n i > n i−1 > ... > n j ≥ j ≥ 1. Such an expansion always exists and is unique (see, e.g., [7] , Lemma 4.2.6). Then let
Theorem 2.1 (Macaulay). A sequence h = (1, h 1 , . . . , h e ) of positive integers is the hvector of some standard graded artinian algebra if and only if, for all indices i,
The sequences that satisfy Theorem 2.1 are usually referred to as O-sequences.
We now briefly recall a useful tool in the study of artinian h-vectors, namely Macaulay's inverse systems. Given a homogeneous ideal I ⊂ R = k[x 1 , . . . , x r ], define its inverse system to be the graded R-submodule M ⊂ S = k[y 1 , . . . , y r ], where R acts on S by contraction and I = ann(M). The external product that defines the module S consists of the linear action uniquely determined by
for any nonnegative integers a 1 , a 2 , . . . , a r . We may sometimes simplify the notation by considering inverse system submodules to also lie inside the polynomial ring R.
We refer the reader to [11, 16] for more information and a comprehensive treatment of the theory of inverse systems. In particular, we note that when the characteristic of k is zero, then one can use differentiation in place of the above linear action, so that the x i act as partial derivatives. In general, if R/I is artinian and level of type t and socle degree e, then its corresponding module M ⊂ S is generated by t linearly independent homogeneous forms of degree e. Also important for us below, the Hilbert functions of
We end this section with some constructions that will be crucial to our main results.
The first of these constructions, called trivial extensions, is due to Stanley ([26] , Example 4.3; see also [24] ). Nearly four decades later, this simple idea remains the single most powerful tool that people have for constructing new Gorenstein h-vectors, in particular nonunimodal ones.
Lemma 2.2 (Stanley).
Given a level algebra with h-vector (1, h 1 , . . . , h e−1 ), there exists a Gorenstein algebra with h-vector (1, H 1 , . . . , H e−1 , H e = 1), where for each i = 1, . . . , e−1,
The following is a useful construction due to Iarrobino ([15] , essentially Proposition 3.3; see also [10] ). Iarrobino's result can be phrased as follows. , and let F ∈ S be a degree e general form (with respect to the Zariski topology). Then the h-vector of the level algebra corresponding to the inverse system module M, F is (1, h 1 , . . . , h e ), where for all i,
Finally, we recall a well-known method to, given a Gorenstein sequence of codimension r, produce a new Gorenstein sequence of codimension r + 1 with similar properties. 
Main results
In this section we present the main results of this paper, which contribute to our understanding of the possible codimensions and socle degrees of unimodal, non-SI Gorenstein h-vectors. Proof. By symmetry, all Gorenstein h-vectors of socle degree e = 3 are of the form h = (1, r, r, 1), and therefore are clearly SI-sequences. When e = 4, a Gorenstein sequence h is of the form h = (1, r, a, r, 1) , where r ≤ a ≤ r+1 2 if h is unimodal. Hence, the first difference of the first half of h is (1, r − 1, a − r), and it is immediate to verify that it satisfies Macaulay's Theorem 2.1. The proof for e = 5, where h Gorenstein must be of the form (1, r, b, b, r, 1) , is entirely similar and will be omitted.
Now let e ≥ 6. We begin with the h-vector
which is level since it is given by the algebra A obtained as a truncation of the polynomial ring k[x, y] after degree e − 1.
Consider a degree e − 1 general form F in k[x, y, z]. By Proposition 2.3, the inverse system module M, F yields a level h-vector (1, h 1 , . . . , h e−1 ), where for all i,
Therefore, by Lemma 2.2, we obtain a Gorenstein h-vector (1, H 1 , . . . , H e−1 , H e = 1), with H i = h i + h e−i for all indices i. It is easy to see that H is unimodal, since by construction, h i ≥ h i−1 and h e−i ≥ h e−(i−1) for all i ≤ e/2. Also notice that, since e ≥ 6,
H 2 = 6 + e − 1 + 3 2 = e + 8;
It follows that the first difference of H begins with From the proof of Theorem 3.1, we can in fact deduce the following.
Corollary 3.2. For any integers e ≥ 6 and r ≥ e + 4, there exists a unimodal, non-SI Gorenstein h-vector of codimension r and socle degree e.
Proof. The Gorenstein h-vectors H constructed in the proof of Theorem 3.1 have codimension r = H 1 = e + 4, for any e ≥ 6. Then, using Lemma 2.4, one can easily produce a unimodal, non-SI Gorenstein h-vector of any codimension r ≥ e + 4 and socle degree e, as desired. is therefore also a unimodal, non-SI Gorenstein h-vector, for any integer a ≥ 0.
Theorem 3.4. There exists a unimodal, non-SI Gorenstein h-vector in any codimension r ≥ 5.
Proof. By Lemma 2.4, it suffices to show the result for r = 5. In fact, we will produce an infinite family of unimodal, non-SI Gorenstein h-vectors of codimension five and socle degree e, for any e ≥ 20.
We begin with e odd. Fix an integer d ≥ 10, and consider the h-vector h = (1, h 1 , . . . , h 2d ) where
Notice that
for d ≥ 10. Also, h is differentiable up to degree d + 3 and, relatively to h d+3 , it grows maximally from degree 2d back to degree d + 3.
Our main task now is to show that h is a level h-vector. To this end, consider the infinite, eventually constant sequence h ′ = (1, h 1 , . . . , h d+2 , h d+3 , h d+3 , . . . ). The positive part of its first difference is (1, 2, 3, . . . , d, d + 1, 1, 1, 1) , where the last 1 occurs in degree d + 3. This is easily seen to be the h-vector of a set of points
general points in P 2 (k) and Z 2 = d + 4 general points on a line. Notice that Z 1 lies on no curve of degree d − 1.
, let L i be the linear form dual to P i (i.e., if P i = [a, b, c] then L i = ax + by + cz), and for 1 ≤ i ≤ d + 4, let M i be the linear form dual to Q i . Thus, we can take the L i to be general linear forms in three variables, namely x, y, z, and without loss of generality, the M i to be general linear forms in two variables, say y, z. We choose both F 1 and F 2 to be general linear combinations of suitable powers of the L i and M i :
Consider the inverse system module generated by F 1 and F 2 . We will assume for convenience that the base field k has characteristic zero, in order to use differentiation, but an entirely similar argument works in arbitrary characteristic by employing the linear action described in Section 2 in the definition of inverse systems (see [9] for the standard but technical details). It suffices to show that the dimension of the linear span of the j-th partial derivatives of F 1 and F 2 is precisely h 2d−j , for all 1 ≤ j ≤ d − 3. Thus, since I Z is contained in the annihilator of F 1 , F 2 , it is enough to prove that these derivatives are all linearly independent for as long as possible, subject only to this constraint.
Each
, and we can view them as general linear combinations except that we must remember that any partial derivative involving x will annihilate all powers of the M i . We will consider the j-th derivatives, 1 ≤ j ≤ d − 3. We form a matrix whose rows are the coefficients of the L 2d−j i and the M 2d−j i arising in these derivatives, and the rank of this matrix will be the desired dimension. Remark 3.5. We only remark here that, unfortunately, the most natural guess for a general, purely numerical result that would include the level h-vectors h of Theorem 3.4 is not true. Namely, a socle degree e h-vector, differentiable up until a certain degree and then growing maximally from degree e back to that degree, does not always need to be level, even in the non-Gorenstein case. For instance, (1, 3, 4, 5, 6 , . . . , 2) (where the dots indicate any nonnegative number of 6's) is not level; see [8] , and also [12] The argument of Theorem 3.1 easily gives the following more refined result. We omit its proof since it is analogous to that of Corollary 3.2.
Corollary 3.7. For any integers e ≥ 20 and r ≥ 5, there exists a unimodal, non-SI Gorenstein h-vector of codimension r and socle degree e.
Notice that while Theorem 3.1 completely characterizes which socle degrees admit a unimodal, non-SI Gorenstein h-vector, Theorem 3.4 closes all cases when it comes to the possible codimensions, except for r = 4. Here, finding new Gorenstein h-vectors seems extremely hard. So far, we do not even know any nonunimodal examples. For some recent results in codimension four, which heavily rely on the assumption that the characteristic of the base field be zero, see [17, 19, 25] .
We ask the following two-part question: Question 3.8.
(1) For which integers r and e does there exist a unimodal, non-SI Gorenstein h-vector of codimension r and socle degree e? (2) Does the answer to (1) depend on the characteristic of the base field?
As far as (1) is concerned, the results of this paper imply a complete answer, among other cases, for e ≥ 20 and any r = 4, and for e = 6 and any r ≥ 10.
Case r = 4 aside, it would be interesting to determine the least value of e that gives a positive answer to part (1) when r = 5, as well as the least r when e = 6. As for the latter problem, we note that while Theorem 3.1 implies r ≤ 10, standard but rather tedious methods show that r is at least 6. However, determining whether codimension r = 9 (and perhaps r = 8 as well) allow the existence of unimodal, non-SI Gorenstein h-vectors of socle degree 6 might require a somehow different idea.
As for part (2), we believe the answer to be "no," for every r and e. (Note that all results in this paper are characteristic free.) In fact, we conjecture that the following important and much more general fact is true. We say that an h-vector h is level in characteristic p (here p ≥ 0) if there exists a level algebra k[x 1 , . . . , x r ]/I having h-vector h such that char(k) = p. All results in the commutative algebra literature appear to go in the direction of Conjecture 3.9. However, in general, a complete solution still seems out of reach, including in the Gorenstein case. It is difficult to even conjecture likely counterexamples using known techniques.
